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Inequalities From 2007 Mathematical 
Competition Over The World 


KKK 


Example 1 (Iran National Mathematical Olympiad 2007). Assume that a,b,c are three 
different positive real numbers. Prove that 


a+b b+c ct+a 


1. 
Gabe pe ea 


Example 2 (Iran National Mathematical Olympiad 2007). Find the largest real T such 
that for each non-negative real numbers a,b,c, d,e such thata+b=c+d-+e, then 


Vaet+e+2+d2+e2 >T(Vat Vb+ Vet Vd ve). 


Example 3 (Middle European Mathematical Olympiad 2007). Let a,b,c, d be positive 
real numbers witha +b+c+d=4. Prove that 


a*be + b?cd + c7da+ d2ab < 4. 


Example 4 (Middle European Mathematical Olympiad 2007). Let a, b,c, d be real num- 
bers which satisfy 5 <a,b,c,d< 2 and abcd = 1. Find the maximum value of 


2) 2) 9) 


Example 5 (China Northern Mathematical Olympiad 2007). Let a, b, c be side lengths 
of a triangle and a+b+c=3. Find the minimum of 


4ab 
ae + be +2 + = 


Example 6 (China Northern Mathematical Olympiad 2007). Let a, @ be acute angles. 


(1 - VianatanB)” 


cot a+ cot 3 


Find the maximum value of 


Example 7 (China Northern Mathematical Olympiad 2007). Let a,b,c be positive real 
numbers such that abc = 1. Prove that 


for any positive integer k > 2. 
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Example 8 (Croatia Team Selection Test 2007). Let a,b,c > 0 such thata+b+c=1. 
Prove that 
2 b2 


: +2 42> 300? + b? + c?). 


b 
Example 9 (Romania Junior Balkan Team Selection Tests 2007). Let a, b,c three pos- 
itive reals such that 
1 rf 1 = 1 _ 
a+b4+1 6b+ce4+1 ctat+17 
Show that 
a+b+c>ab+bc+ ca. 


Example 10 (Romania Junior Balkan Team Selection Tests 2007). Let x,y,z > 0 be 
real numbers. Prove that 
x + ys + 23 
3 
Example 11 (Yugoslavia National Olympiad 2007). Let k be a given natural number. 
Prove that for any positive numbers x,y, z with the sum 1 the following inequality holds 


> aye + FMle- wy - 22-2) 


gkt2 yet 


SF > -. 
gktl + y* + zk yetd + 2k + ak zhtl 4 ok + yk 7. 


ght2 1 


Example 12 (Cezar Lupu & mudone Lupu, Romania TST 2007). For n © N,n => 
2,a;,b; €R,1<i<n, such that 2 a? = = Leal oo ie , ab; = 0. Prove that 


i= 


(+) +(E+) = 


Example 13 (Macedonia Team Selection Test 2007). Let a, b, c be positive real numbers. 


Prove that 
3 6 


14+ —————_ > ———__.. 
Es ab+bcec+ca~ a+b+c 
Example 14 (Italian National Olympiad 2007). a) For each n > 2, find the maximum 
constant Cy such that 


1 
Stee > 
Fo sae oa = 


for all positive reals a,,a2,...,Qn such that ayaz+--dn = 1. 


b) For each n > 2, find the maximum constant dy, such that 


1 1 1 
——— + ———__ + ...+ ———— > dy 
ego dass + oa,¢1- 


for all positive reals a1, 2,...,Qn such that ay,a2++-Gn = 1. 
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Example 15 (France Team Selection Test 2007). Let a, b, c,d be positive reals such taht 
a+b+c+d=1. Prove that 


1 
6h +B +ch+d) za +h +e+d +e. 


Example 16 (Irish National Mathematical Olympiad 2007). Suppose a,b and c are 
positive real numbers. Prove that 


atb+e az2+b2+c? (1 fab be ca 
ee 
3 az 3 ~3e a b 


For each of the inequalities, find conditions on a, b and c such that equality holds. 


Example 17 (Vietnam Team Selection Test 2007). Given a triangle ABC. Find the 


minimum of 


2A 2B 2B 2C 2C 2A 
Cos Dy COs z cos z COs z COs z COs z 
2C QA 2B : 
COs z Cos z Cos 5) 


Example 18 (Greece National Olympiad 2007). Let a,b,c be sides of a triangle, show 
that 

(cta—b)* (at+b—c)*  (b+c—a)* 

$$ $ — . ~—__ add : 

a(a+b—c) 7. b(b+ c—a) - c(c-+a—b) ~ eye 
Example 19 (Bulgaria Team Selection Tests 2007). Let n > 2 is positive integer. Find 
the best constant C(n) such that 


> 8 2 C(n) S- (20525 + ./2iX;) 


1<j<i<n 


is true for all real numbers x; € (0,1),i =1,...,n for which (1 — x;)(1 — aj) > 
J<tcn. 


ls 


BIR 


Example 20 (Poland Second Round 2007). Let a, b, c, d be positive real numbers satisfying 
the following condition: 


Prove that: 


34 3 b3 + 3 34 q3 a + a3 
Vy +4/ ao + +4] — <2(a+b+ce4d)—4. 


Example 21 (Turkey Team Selection Tests 2007). Let a,b,c be positive reals such that 
their sum is 1. Prove that 


1 1 1 1 
5 eS 
ab+ a ae Sot ae aoa. ac + 2b? + 2b ~ ab+bce+ac 


8 www.batdangthuc.net 


Example 22 (Moldova National Mathematical Olympiad 2007). Real numbers 
1 oe 

@1,02,...,Qn Satisfy a; > —, for alli = 1,n. Prove the inequality 
1 


1 1 2” 
(a +1)(a+5) sais (on 42) > OG tan + 2ap + nn) 


Example 23 (Moldova Team Selection Test 2007). Let a1,a2,...,@n € [0,1]. Denote 
S=a3 +03 +...+ a5, prove that 
ay 2 ag as és An Z 1 
2n+14+S—ai 2n+14+S-ah ~ 2n4+14+S-a3 ~ 3 
Example 24 (Peru Team Selection Test 2007). Let a, b,c be positive real numbers, such 
that 
1 


1 1 
a+b+e>—+=i+-. 
a b oe 


Prove that 
2 


atb+e abe 
Example 25 (Peru Team Selection Test 2007). Let a,b and c be sides of a triangle. Prove 


ha 
v7 Vb+c—a fe Vcta—b ai Vatb—c¢ <3! 
vo+Ve-Va Ve+Va-vb Vat+vbo-Ve7 | 


Example 26 (Romania Team Selection Tests 2007). If a1,a2,...,@n > 0 satisfy a? + 


a+b+c> 


+++ +a? =1, find the maximum value of the product (1 — a)--- (1 — an). 


Example 27 (Romania Team Selection Tests 2007). Prove that for n, p integers, n > 4 
and p > A, the proposition P(n, p) 


n 


1 n n 
b> a So a? for «ER, a >0, t=1,...,n, Seis 
i=l i=1 


v; 
i=1 ©? 


is false. 


Example 28 (Ukraine Mathematical Festival 2007). Let a,b,c be positive real numbers 
and abc > 1. Prove that 


(a). 
Ce ree eee heed, 
aan ELIA ets BS 
(b). 


27(a? +a? +a+1) (b> +b? +b41)(8 +c? +e+1) >> 64(a? +a41)(b? +b+1)(c? +e+1). 


Example 29 (Asian Pacific Mathematical Olympiad 2007). Let x,y and z be positive 
real numbers such that \/x + \/y + /z = 1. Prove that 


x? + yz ye + za 2+ ary 


= 
2er(y+2) wet a) V/22(e+y) 
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Example 30 (Brazilian Olympiad Revenge 2007). Let a,b,c € R with abc = 1. Prove 
that 
c 


ace =) 
+=t=4+e4-]. 
bo co oa Cc 


Bet ioe i led Matec 1 1 1 b 
C4 te tot+s42(atbtct+=-+5+=—]) >642(-+ 
a Cc a Cc a b 


b? b 


Example 31 (India National Mathematical Olympiad 2007). /f x, y, z are positive real 


numbers, prove that 
(c+yt2z) (yz + zat ay)? <3? tyzt H)(2? + 2x4 w*)(a? + ayt y’). 


Example 32 (British National Mathematical Olympiad 2007). Show that for all positive 
reals a, b,c, 

(a? +b)? > (at+b+c)(at+b—c)(b+c—a)(c+a—Dd). 
Example 33 (Korean National Mathematical Olympiad 2007). For all positive reals 
a,b, and c, what is the value of positive constant k satisfies the following inequality? 


a : b i c = 1 
c+tkb at+tke b+ka~ 2007° 


Example 34 (Hungary-Isarel National Mathematical Olympiad 2007). Let a,b,c, d be 


real numbers, such that 
Oooh ea ee Se ee ee = 80. 


Prove thata+b+c+d< 10. 
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SOLUTION 


ood 


Please visit the following links to get the original discussion of the ebook, the problems 


and solution. We are appreciating every other contribution from you! 


http://www.batdangthuc.net/forum/showthread.php?t=26 

http://www.batdangthuc.net/forum/showthread.php?t=26&page=2 
http://www.batdangthuc.net/forum/showthread.php?t=26&page=3 
http://www. batdangthuc.net/forum/showthread.php?t=26&page=4 
http://www.batdangthuc.net/forum/showthread.php?t=26&page=5 


http://www.batdangthuc.net/forum/showthread.php?t=26&page=6 


kik 


For Further Reading, Please Review: 


%* UpComing Vietnam Inequality Forum’s Magazine 
% Secrets in Inequalities (2 volumes), Pham Kim Hung (hungkhtn) 
% Old And New Inequalities, T. Adreescu, V. Cirtoaje, M. Lascu, G. Dospinescu 


* Inequalities and Related Issues, Nguyen Van Mau 


kk 


We thank a lot to Mathlinks Forum and their member for the reference to problems and 


some nice solutions from them! 
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Problem 1 (1, Iran National Mathematical Olympiad 2007). Assume that a,b,c are 
three different positive real numbers. Prove that 


a+b b+e cta 
a—b b-ec ca 


>1. 


Solution 1 (pi3.14). Due to the symmetry, we can assume a > b > c. Leta =c+a;b= 
c+ y, then x > y > 0. We have 


a+b b+ece cta 
a—-b b-c ca 


od a mre 2c+ x 
— gay y x 


1 
= 20( +o-t), ote 
GT-Y Y «& ty 


We have 
1 1 1 1 _ 
2e( ===) =2e( ged ) x0 
tT—-Yy Y cry ry 
c+y 34 
cr—y 
Thus 


a+b b+ece cta 
a—-b b-c ca 


Solution 2 (2, Mathlinks, posted by NguyenDungTN). Let 


a+b b+e at+c 
= 2; =y; = 2; 
a—b b-—e¢ c—a 


rytyzt+az=l. 
By Cauchy-Schwarz Inequality 
(a+y+2)? > 3(ayt yzt 22) =3> |x +y+2|>V3>1. 


We are done. 


V 


Problem 2 (2, Iran National Mathematical Olympiad 2007). Find the largest real T 
such that for each non-negative real numbers a,b,c, d,e such thata+b=c+d+e, then 


V@+RP 4240242 >T(Vat+ vot Vet Vd+ Ve? 
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Solution 3 (NguyenDungTN). Let a = b= 3,c=d=e = 2, we find 
V30 


> T. 
6(V3 + V2)? — 
With this value of T’, we will prove the inequality. Indeed, leta+b=c+d+e=X. By 


Cauchy-Schwarz Inequality 


a? +b? > 


By Cauchy-Schwarz Inequality, we also have 


Vat Vb< /2(a+b) = V2XVe+ Vd+ Ve < V3(c+ d+ 0) =3X 


=> (Jat Vb+ Vet Vdt+ Ve)? < (V2 + V3)?X? (2) 
From (1) and (2), we have 


(a+ Vox fe Vas ep” B+ VF 


2 2b 
Equality holds for > =—=c=d=e. 


a2 + b2 + ce? + d2 4+ e? = V 30 


3 


V 


Problem 3 (3, Middle European Mathematical Olympiad 2007). Let a,b,c,d non- 
negative such thata+b+c+d= 4. Prove that 


a*be + b?cd + c7da + d7ab < 4. 


Solution 4 (mathlinks, reposted by pi3.14). Let {p,q,7r,s} = {a,b,c,d} and p > q > 
r > s. By rearrangement Inequality, we have 


a*bc + b?cd + ce? da + d?ab = a(abc) + b(bed) + e(cda) + d(dab) 


< p(pqr) + q(pgs) + r(prs) + s(qrs) = (pq +1rs)(pr + qs) 


- (mtret or tee)’ 
a 2 


1 2\° 
pee fof edie Bas —4. 
ao 5) 


Equality holds for g = r = lup + s = 2. Easy to refer (a,b, c,d) = (1,1,1,1), (2,1,1,0) 


or permutations. 


=i ts)(a+r)? 
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V 


Problem 4 ( 5- Revised by VanDHKH). Let a, b, c be three side-lengths of a triangle such 


4ab 
thata+b+ c= 8. Find the minimum of a? + b? + c? + => 


Solution 5. Letta=ax+y,b=y+2,c=z+4+42, we have 
a) 
CUE EE 5 
Consider 


4ab 
Pee ee eS 


_ (a2 +6? + 0?)(at+ b+ c) + 4abe 

7 

2(e+y)?+yt2)? + e+a)")(ety+z) +4c+ Ute +2) 
3 

A(x3 + y3 + 23 + 327y + 8xy? + 3y2z + 3y2? + 3222 + 38227 + Sryz) 
3 


A(x +y +2) — xyz) 


42 (a + yt 2)9 + (HEE)? — ay2) 
3 
, (Be+y ts) 13 
~ 3 3 
Solution 6 (2, DDucLam). Using the familiar Inequality (equivalent to Schur) 


4 
abe > (b+ c—a)(c+a—b)(at+b-—c) => abc> g(ab + be + ca) — 3. 
Therefore 


1 
P2@4+P +24 C(ab+ be+ ca) —4 


2 2 1 
=(a+b+c)?— 9 (0b + be + ca) —4>5- g7latbte)? a ae 
Equality holds when a =b=c=1. 
Solution 7 (3, pi3.14). With the conventional denotion in triangle, we have 


abe = ApRr , a? +b? +c? = 2p? — 8Rr — 2r’. 


Therefore | 6 
a? +6? +c? + -abe = = — 2r?. 
3 2 
Moreover, 
1 
p>3v3r sr< ra 
Thus 


4 1 
a’ +b’ +e? + sabe > 43: 
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V 
Problem 5 (7, China Northern Mathematical Olympiad 2007). Let a,b,c be positive 
real numbers such that abc = 1. Prove that 


ak bk ch 


— + — + 
a+b b+e cta 


for any positive integer k > 2. 


Solution 8 (Secrets In Inequalities, hungkhtn). We have 


ak bk ck 3 
Be 
+b b+e cta™~ 2 
& ghk-1 4 pk} copa 3 yt Se akc ee ag 
Fa) 


By AM-GM Inequality, we have 
a+b>2Vab,b+c>2vVbe,c+ a> 2vVea. 


So, it remains to prove that 


This follows directly by AM-GM inequality, since 
ak 4 oF 1 4 1 > 3 GRIT = 3 


and 
(2k — 3)a*-! 4 BF! > (2k — 2)a*- 2b? 


(2k — 3)b*-1 +. ck“! > (2k — 2)b*-3.c7 
ORB) ta One Fa 


Adding up these inequalities, we have the desired result. 


V 


Problem 6 (8, Revised by NguyenDungTN). Let a,b,c > 0 such thata+b+c= 1. 


Prove that: 
a2 b2 C2 
—+—4+— 237+? +0). 
b Cc a 
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Solution 9. By Cauchy-Schwarz Inequality: 


a Bb 2 _ (a2 +B? 42) 
—+—4+-—->—>———_. 
b Cc a a?b + b?c4+ c2a 


It remains to prove that 
(a? +b? +c)? 
a*b + b?c + Ca 


& (a? +6? + ¢7)\(at+b4+c) > 3(a7b+ b?c+4 ca) 


> 3(a7 +6? +c’) 


= a? +b? +c? + ab? + be? + ca? > 2(a7b + bc + ca) 
© a(a — b)? +b(b— c)? +e(c— a)? > 0. 


So we are done! 


Solution 10 (2, By Zaizai). 


2 b2 2 
Bee oS Big eh ie.) 
b Cc a 


2 
eS (S248) > 3(a? +6? +7) —(a+b+c)” 


os a9? + 6-0? + (0-0)? 


1 
eek (eee al We 
 S“(a—b) (; ) >0 
(a—b)*(a+o) 
S ———_ > 0. 
y—S, > 
This ends the solution, too. 


V 
Problem 7 (9, Romania Junior Balkan Team Selection Tests 2007). . Let a,b, c be three 
positive reals such that 


1 1 1 
——— + ———_ +. ——_ © 1. 
a+b+1 b+c4+1 ct+a+l 


Show that 


a+b+c>ab+bc+ ca. 


Solution 11 (Mathlinks, Reposted by NguyenDungTN). By Cauchy-Schwarz Inequality, 
we have 
(a+b+1)(at+b+c*) > (a+b+c)?. 
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Therefore 
1 < tat 
at+b+17 (a+b+c)?’ 
or 
it 1 1 a? +b? +c? +2(at+b+c) 
$$ $s << 
a+tb+1 b+c+1 cta+t+l (a+b+c)? 


Seth +7 4+2(a+b+¢) > (atb+e¢" 
=>a+b+c>ab+bc+ ca. 


Solution 12 (DDucLam). Assume that a+ b+ c= ab+ bc+ ca, we have to prove that 


1 1 1 
—— es ne 
Fie El Per. eta ca 

a+b b+c cta 


a+b+1. b+ce+1  ctatl~ 
By Cauchy-Schwarz Inequality, 


as 2 
Lus > &¢ b+b+c+c+a) 23% 
Veycla + b)(a+ b+ 1) 


We are done 


Comment. This second very beautiful solution uses Contradiction method. If you can’t 
understand the principal of this method, have a look at Sang Tao Bat Dang Thuc, or Secrets 
In Inequalities, written by Pham Kim Hung. 


V 


Problem 8 (10, Romanian JBTST V 2007). Let x,y,z be non-negative real numbers. 
Prove that i ' 
a+y +2 3 
SP 3 ays + F\(@-yly- )(e- 2). 


3 
Solution 13 (vandhkh). We have 
ge yt ae 3 
3 2 tye + FIle — wy — z)(2 — 2)| 
a? yt 28 3 
~~ tyz 2 ale — yy — 2)(2 — 2)| 


& (wy)? +(y—2)? +(2—2)2(((a+y) +(y+2) + (2 +2) 2 9(e—y)(y—2(z—2)]. 
Notice that 

at+y2|e-yhyt2z2ly—zhz2t+a2 |z—-al, 
and by AM-GM Inequality, 


(ey)? +(y—z)? + (z—2)*)(le— yl + ly— 21 + 2-21) 2 9(e@— wy —- z)(2-2) 


So we are done. Equality holds for « = y = z. 
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Solution 14 (Secrets In Inequalities, hungkhtn). The inequality is equivalent to 


(e+ y+2) (ey)? > Si(e— ly —(e—a)). 


By the entirely mixing variable method, it is enough to prove when z = 0 


|zy(x — y)|. 


BIO 


g+y > 


This last inequality can be checked easily. 


V 


Problem 9 (11, Yugoslavia National Olympiad 2007). Let k be a given natural number. 
Prove that for any positive numbers x,y, z with the sum 1, the following inequality holds 


k+2 k+2 k+2 


x z 


y 


1 
pp ee 
ght! + yk + zk yet eat ght ge ay ae f 


When does equality occur? 


Solution 15 (NguyenDungTN). We can assume that x > y > z. By this assumption, easy 
to refer that 


k+1 k+1 


x 
Se eS 
ahtl + yk 4 zk yktl 4 gk 4 gk — Zk+T gk + yk ? 


z 


ghtl ggk 4 pk > yktl yg pk 4 gk > ghtl 4 yk 4 yk 


and 
ak > y” > 2k. 
By Chebyshev Inequality, we have 
wk+2 yk+2 ykt2 
gktl + y* + zk a yet + zk + ak + gktl + ak + yk 
e+yte2 gers k+1 gktl 
2 ( k+1 k ET a k RT Ser k ke 
3 x ty +2 Yy ee z +a" +y 
1 gktl yk+t yktl Se + yk 42h) 
3 gktl + yk + gk yet + gk + gk gktl + gk + ys pe ae fu yk aie zk) 


ae > ok s*( kL yk 4 ok) 1 
~ 3 aktl 4 yk +4 2h e oe Deyo tPtt + yk + ZF) 


cyc cyc 
_ 2 ght yktt 4 2ktl) 1 = hth 4 yktl 4 k+l 
<3 Se + yk + zk) ghtl 4 yktl 4 gk+l 4 2(ak + yk + z*) 
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Also by Chebyshev Inequality, 


GT+Yt+z 


B(acktt 4 yktl 4 yk+1) > 3 ; 


(ak + yh 4 zh) = ak 4 yk 4 Zk, 
Thus 


gktl + yktt 4 ogktl gktl 4 yhtt 4 ogktl 


gktl + yktl 4 zkt1 + 2(ak + y* + 2%) 2 gktl + yktl 4 gkt1 + 6(akt+h L yet + 2k+1) = 


1 
So we are done. Equality holds fora =b=c= 3" 


V 


Problem 10 (Macedonia Team Selection Test 2007). Let a, b,c be positive real numbers. 


Prove that 
3 6 


Ta a ee 
ab+be+ca~ a+b+c 
Solution 16 (VoDanh). The inequality is equivalent to 


3(a+b+c) 


a+b+ce+ ———— > 
ab + be + ca 


By AM-GM Inequality, 


3(a+b+c) — 3(a+b+c)? 


+b+ce+ Sa ate 
2 ab+ be+ ca — ab + be + ca 


It is obvious that (a + b +c)? > 3(ab + be + ca), so we are done! 


V 


Problem 11 (14, Italian National Olympiad 2007). a). For each n > 2, find the maximum 
constant Cy such that: 


1 1 
+ +...+—-2>Cn, 
ajt+1 agt+l re ea 
for all positive reals a1, a2,...,Qn such that ayaz+--dn = 1. 


V 


b). For each n > 2, find the maximum constant dy such that 


1 1 1 


———— 4+ — — +... + —— dy, 
ta el” Dae v9, — 


for all positive reals a,,d2,...,Qn such that ayaz+--adn = 1. 


1 


7 
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Solution 17 (Mathlinks, reposted by NguyenDungTN). a). Let 
n—-1 1 
a, =e" 7,a, = -VEA I, 
€ 


then let € — 0, we easily get c,, < 1. We will prove the inequality with this value of cp. 
Without loss of generality, assume that aj < ag <--- < ay. Since ayaz2 < 1, we have 


“1 1 1 1 ay f ay 
Si i 
ea fet ay+1 ag+1 a, +1 ag + aja2g ay t+1 a, +1 


This ends the proof. 


b). Consider n = 2, it is easy to get dp = 2. Indeed, let a, = a,ag = 1. The inequality 


becomes 


1 a 2 
a > 2(2 1 2 
Sad + apg 2 3 3a +2) + 8a(2at 1) > 22a +t 1(a + 2) 
<> (a—1)? >0. 


When n > 3, similar to (a), we will show that d,, = 1. Indeed, without loss of generality, 
we may assume that 


ay Sag +++ San = aya2Q3 <1. 


a2a3 a1a3 a1a2 
ies a> — iy) oan a— a 5 
ay a5 a3 


then a; < a ag < a3< se, TYz = 1. Thus 


Let 


< 


y 
” 1 : 1 x? y? 38 
> > peo 
dG Fi = msi Bao Ppa Bee 
2 y? 22 


= es 

e2>+2Qyz  y2+2ez 2242xry 
oy y? 2 

> + — 4 + 5 SS = 
x? + y? + 22 x? + y? + 2? x2 + y? + 2? 


This ends the proof. 


V 


Problem 12 (15, France Team Selection Test 2007). . Let a, b, c, d be positive reals such 
thata+b+c+d=1. Prove that: 


1 
Gah +b ++d) >a +h +e +d’ +e. 
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Solution 18 (NguyenDungTN). By AM-GM Inequality 


1 a 
3 2 
Be gag agg 
Therefore (a2 ; P 2) 
3 9a“ + be +ce° +d 
3.473 4. 3 4 43 
+ph4 84 a 
6(a’° +b? +¢ Cae = ri 
DAE eed) 5 8 d(atb+c+d _5 


4 16 8 8 
Adding up two of them, we get 
1 
6(a® +b? +c? + d®) 2e+P+e+d +e 
Solution 19 (Zaizai). We known that 


_ 1)2 
Ree ee eer ceca 


Adding up four similar inequalities, we are done! 


0 


V 


Problem 13 (16, Revised by NguyenDungIN). Suppose a,b and c are positive real 
numbers. Prove that 


at+tb+e az2+b2+c?  1fbe ca ab 
Se ee es ae ee ead ie 
3 a 3 ~3\a b Cc 


Solution 20. The left-hand inequality is just Cauchy-Schwarz Inequality. We will prove the 
right one. Let 


be ca ab 
Tea xr, LET a 
a 


b Cc 


ae ee cr+yt+zZz 
3 fa 3 ; 


Squaring both sides, the inequality becomes 


The inequality becomes 


(c+y+ 2)? > 3(ay + yz t+ 2x) & (w@—y)? + (y— 2)? + (2-2)? 20, 


which is obviously true. 


V 


Problem 14 (17, Vietnam Team Selection Test 2007). Given a triangle ABC. Find the 
minimum of: 
S (cos?(4)(cos? (2) 


cos?(£) 
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Solution 21 (pi3.14). We have 


Ge y (cos? (cos 2(2) 


mes (S) 


ay (1 + cosA)(1 + cosB) 
7 2(1+ —- 


Leta = tan4;b= tan8;c= tan§. We have ab+ bc+ ca = 1. So 


(1+ a? 1 
= T=)) (1+b?)(1 3 c?) = aes G4) 0?) 
~~ T+a= 


1 
om (ab+bc+ca+b?)(ab+bce+ca+c?) 
(ab+bc+ca+a?) 


-- EET 
3 (a+b)(c+b)(a+c)(b+c) 
(b+a)(b+c) 


By Iran96 Inequality, we have 


1 1 1 9 
eee ae SE a eae 
(b+ c)? © (c+ a)? i (a+ b)? ~ 4(ab+ bc+ ca) 


Thus F' > 2 Equality holds when ABC is equilateral. 


V 


Problem 15 (18, Greece National Olympiad 2007). . Let a,b,c be sides of a triangle, 
show that 


(b+c—a)* (c+a—b)*  (b+ce-a)* 


$$ + + ———__ Po ab+b 
dekb=O ° W6Ke—a)  aere= oD Sse ys 


Solution 22 (NguyenDungTN). Since a, b,c are three sides of a triangle, we can substitute 
a=ytz,b=24+4,c=2+y. 


The inequality becomes 


Sat 8y4 a 824 
(@+yyy (yt2jz (e+a)a 


By Cauchy-Schwarz Inequality, we have 


> ao? ty? + 2? + 3(ay + ye +22). 


8x4 = 8y* i S24 u 8(2? + y? + 27)? 
(xet+ty)y (yt2)e (e4a)r7 2 4+yte2t+aytyet er 
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We will prove that 


8(x? + y? + 27)? . . . 
ee +3 
ase Pe te (xy + yz + za) 


& 82? + y? + 27)? > (a? ty? + 2% 4+ cyt yet 2a)\(2? + y? + 274 3(ry + yz t+ 22)) 
=o 8S ort t 16S ay >So at $23 2? y?+ 


+43 aly +2) 4+ 1l2ayz(a+yt2z)4+ 2 ae + 6xryz(a + y+ 2) 


eT) oat+ ln ey > AS ak(y+ 2) + L0xyz(@ + y+ 2). 


By AM-GM and Schur Inequality 


ay a ++ BO cn a > l4ryz(a@ + y + 2); 


4 OBE. + axyz(aty+ 2)) > 4S ° a (y+ z) 
Adding up two inequalities, we are done! 
Solution 23 (2, DDucLam). By AM-GM Inequality, we have 


(b+c—a)* 
a(a + b—c) 


+a(a+b—c) >2(b+c—a)’. 


Construct two similar inequalities, then adding up, we have 


(b+c—a)* (ce+a—b)*  (b+ce-a)* 
aja+tb—c) b(b+c-—a) a(c+a—b) 


> 2[8(a? + b? +c?) — 2(ab + bc + ca)] — (a? +b? +c”) 
= 5(a? +b? +c?) — 4(ab+ be + ca) > abt be+ ca. 


We are done! 


V 


Problem 16 (20, Poland Second Round 2007). . Let a,b,c, d be positive real numbers 
satisfying the following condition 4 + + + 44+ 4 =4 Prove that: 


34 63 B+ 3 34 3 32hy5 
+ ' — + G54 ve = <2(at+b+c+d)—4. 
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Solution 24 (Mathlinks, reposted by NguyenDungTN). First, we show that 
3/a> + b3 ys a aa, 
2 ~ a+b 


(a — b)*(a? + ab+ 7) > 0. 


which is equivalent to 


Therefore, we refer that 


ofae + bP fb te of +d? | afd? + at 2 a? aaa tee +d? @ + a? 
2 2 2 2 ~ a+b b+e c+d d+a 


It remains to prove that 


a+b P40 C40 P+? 
SS 


a+b b+e c+d d+a 


However, 


So, due to Cauchy-Schwarz Inequality, we get 


a+b P+ e+da dtd 
a+b ¥ b+e = c+d = 7) 


2(atb+c+d)—- ( 


This ends the proof. 


Problem 17 (21, Turkey Team Selection Tests 2007). . Let a,b, c be positive reals such 
that their sum is 1. Prove that: 


1 1 1 1 
Sa ee Pees 
ab+ eran aia We oaz a Da.” ac + 2b? + 2b ~ ab+bce+ac 


Solution 25 (NguyenDungTN). First, we will prove that 


ab+ac+ be ab 
ab + 2c? + 2c ~ ab+ac+ be 


Indeed, this is equivalent to 
a*b? + bc? + 7a” + 2abe(a + b+ c¢) > a?b? + 2abe* + 2abe, 
which is always true since 2abc(a + b+ c) = 2abc and due to AM-GM Inequality 


a*c? + b2c? > 2abe?. 
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Similarly, we have 


ab+ac+ be be 
be + 2a? + 2a ~ ab+ac+ be 
ab+ac+ bc ca 


ee SS 
ac + 2b? + 2b ~ ab+ac+be 
Adding up three inequalities, we are done! 


V 
Problem 18 (22, Moldova National Mathematical Olympiad 2007). Real numbers 


. 1 
@1,42,+** , An, Satisfy a; = 5, 


for all i = 1,n. Prove the inequality 
(a, + 1) 42 ie Seni (1+ a1 + 2a2 +--+ nan) 
a dg +=)--+:: an + — | > —— a ag +-++-+nan). 
. ar n (n+ 1)! : : 
Solution 26 (NguyenDungTN). This inequality is equivalent to 


n 


2 
(a, + 1)(2a2 +1)-..- (na, +1) > = (1+ a, + 2a2+...+ nan). 


+1 
It is clearly true when n = 1. Assume that it si true for n = k, we have to prove it for 
n=k-+1. Indeed, 

9k 


(a1 +1)(2a2+1)-.-(kax+1)((k+ane1 +1) > 


(1+a,+2a2+...+kax)((k+1)ap4i1+1) 


Let 
a= (k+ l)agais =a, 4+ 2a2+...+ ka, >s>k. 


We need to show that 


9k k+l 

ts Grae = 

ae te) 25 alt sae) 
& 2(as —k)+k(a—1)(s—1) 50. 


Since a > 1Vk, the above one is true for n = k + 1. The proof ends! Equality holds for 
a, = = t= Tn. 


Solution 27 (NguyenDungTN). The inequality is equivalent to 


l+a, 1+ 2a9 1+na, s Lar + 2a2 +... + Man 
2 2 ~ 2 * n+1 ; 


Let x; = a > 0, it becomes 


2 
(14+ 21)(1+22)..(1+2@,) >14+ rae aca! +a@2+...+4n). 
But 


(L4+a,)(1+22)...l+an,)>1l+ai+a9+..+%n >14+ 


: (1 +42+...+ Zn) 
re ae 2 ees En). 


So we have the desired result. 
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V 


Problem 19 (23, Moldova Team Selection Test 2007). Let a1, ao, ..., an € [0,1]. Denote 
S=a}+a3+...+a3. Prove that 


ay iy ag the a an 2 
2n+1+S-az 2n+1+S-a3 Int+1+S-a3 ~ 3 


Solution 28 (NguyenDungTN). By AM-GM Inequality, we have 
S—ai+2(n—1) = (a8 +2) + (a3 +2) +--+ (a3 +2) > 3(ag +a3+---+ an). 


Thus 


ay < ay 2 ay 
2nt+1+S—a?~ 3(1t+a,t+agt:::+an) ~ 3(a, tagt+---+an) 


Similar for a2, a3, ...,@n, we have 


“1 + < feet on 
2n+1+S-a? 2n+1+S—-a3 2n+1+S—-a3 
el atate tan 1 
~ 3 aytagt::-+a, 3 
The equality holds for a; = ag =... =a, = 1. 
V 


Problem 20 (24, Peru Team Selection Test 2007). Let a,b,c be positive real numbers, 


such that 
1 1 1 
atb+c>-+-4-. 
a b oe 
Prove that: 
2 


at+tb+c a abe’ 
Solution 29 (NguyenDungTN). By Cauchy-Schwarz Inequality, we have 


a+b+c> 


1 1 1 9 
GDR e ah a ir Pb eS So. 
a 6b c at+b+e 


Our inequality is equivalent to 


1 
(a+b+c)? >34+2(—+—+ —). 
ab be ca 


By AM-GM Inequality 


PG Gl OE Te oN 38 
Oo { 2a ae |) ee pS SS <- b 2 
(tet t)s3 (44742) Sgla+ 7a 
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So it is enough to prove that 
2 2 2 2 
(a+b+c) 23+ 3(atb+o) &(atb+c)" >9. 


This inequality is true due toa+b+c>3. 


Solution 30 (2, DDucLam). We have 


2 1,1 1 i 2 3 
b >= b =(-+=-+-)>- b : 
BPP Gey gare Uo a rt ger Oe ol era 
We only need to prove that 
a+b+c>—, 
abc 


but this inequality is always true since 


ab be ca 


t . - er To Ae a 3 
(a+bee?> (24542) >3( +o+ )=Flersro, 
a b Cc a 


V 


Problem 21 (25, Revised by NguyenDungTN). Let a, b and c be sides of a triangle. 


Prove that 
Vb+c-—a is Vcta—b - Vat+tb—e <3 
Vo+Ve-Va Ve+Va-vb Vatvb-vVe7 
Solution 31. Let 


x =Vb+ Ve-Va,y= Ve+ Ja— vVb,2 = Vat vb- ve, 


then 
rtcrane? G-Wle-2) 
2 
By AM-GM inequality, we have 
vore=4a_ f= =2 (= We -2) 
Vvb+ Je- Va 2a? Zs 4a? 


We will prove that 
a-*(a — y)(w — 2) + yy — 2)(y— 2) + 2 2(z—a)(z—y) 20. 
But this immediately follows the general Schur inequality, with the assumption that 
Cog Seog aa ee", 


We are done! 
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V 


Problem 22 (26, Romania Team Selection Tests 2007). Jf a,,a2,...,an > 0 are such 
that aj +--+ +a? =1, find the maximum value of the product (1 — a1)---(1 — an). 


Solution 32 (hungkhtn, reposted by NguyenDungTN). We use contradiction method. 


Assume that 21, £2, ..., Um € [0,1] such that 21 29...7, = (1 — a) We will prove 
f(@1, 9; .,2n) = (V1)? + 1 ge)? +.+ (—a2,)? <1 (1) 
Indeed, first, we prove that: 
Lemma: If x,y € [0,1],c+y+2y > 1 then 
(a) + -g)° <O—ay)*. 
Proof. Notice that 
(1-2)? +(1—y)? -(1— ay)? = (e@+y- 1)? - 27s? 


= (a—-1)(y-l1)\(a@+yt+ary—-1) <0. 


The lemma is asserted. Return to the problem, let k = 1 — Be Assume that 71 < %2 < 
.. < 2p, then 
©122r3 > k* => xoaz > k/, 


thus 
Lo +03 +22+23 > 2k + k43 =107>1. 


Similarly, we have 
f(@1, V2, -.,2n) < f(v1, v2v3,1, £4, ..., Cn) 


< f(t, r2%324,1,1,25,...,0n) << f(v1, 203...%n,1,1,...,1), 


From this, easy to get the final result. 


V 


Problem 23 (28, Ukraine Mathematic Festival 2007). Let a,b,c > 0 va abc > 1. Prove 


that 
Bas 1 wae yooh Wig 2 
Gee PLE el) = 8 


b). 27(aF +a? +041) +0? +b+1)(8F +2 +c+1) 
> 64(a? +a+1)(0? +54 1)(? +e4+1). 
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Solution 33 (pi3.14). Consider the case abc = 1. Let a = — b= 4, c= 4. The inequality 
becomes ‘ 
yee 8 
or 1 8 
or 


8(a? +ay ty? (y? + yz + 27)(2? + zx + 27) > Wayze(at+y)\(yt+z)(z+z2z) (1) 


We have 
2(x? + ay + y”) > 3,/ay(x + 9), 
since 
(a? +.2y + y2) > 3a? + 2ey + y?) > BV Fue + ¥). 


Write two similar inequalities, then multiply all of them, we get (1) immediately. 


If abc > 1, we let a = ka’ ; b = kb! 3 c = kc’; with k = Vabc. We have k > 1 and 
a’b’c' = 1. Then 
a+ati1_a*+a'+l1 
atl 7— a’+1 
Since the inequality is proved for a’, b’,c’, this is true for a, b, c immediately. 


b). By AM-GM inequality 


a? 4+2>2a > (a?4+1)>=(a? +041). 


wlrw 


Therefore 

3(a? + a? +a+ 1) =3(a4+ 1)(a? +1) > 6Va.5 (a? +a+1)=4/a(a? +a+1). 
Constructing similar inequalities, then multiply all of them, we get 
27(a° +a? +a+1)(b? +67 +b+1)(e8 +c? +c+1) > 64(a?-+a4+1)(b? +b4+1)(c? +c+1). 


Solution 34 (2, NguyenDungTN). By AM-GM inequality 


Adding up two inequalities, we get 


Similar for b,c, and finally we have 


nell Saal I eo 
ae] Peri ely ee 


Equality holds fora =b=c=1. 
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V 


Problem 24 (29, Asian Pacific Mathematical Olympiad 2007). Let x, y and z be positive 
real numbers such that /x + \/y + /z = 1. Prove that 


x? + yz it y? + 2a 224+ cy 
2u?(y + z) 2y?(z4+ 2) 227(a+y) 


Solution 35 (NguyenDungTN). We have the transformation 


x2 + yz 5 (x 
Da eae et Ly 


cyc cyc cyc 
Moreover, by Cauchy-Schwarz Inequality 
ytez SJyt Jz 
— > + =]. 
DS er ae, 
cyc cyc 
So it is enough to prove that 
So (x — y)(a — 2) > 
eye V 227(y + 2) 
Without loss of generality, assume that 7 > y > z, then 
1 1 1 
—— 
Qar(yt 2) Valet a) V22e+y) 


Using the general Schur Inequality, we have the desired result. 


V 


Problem 25 ( 30, Brazilian Olympiad Revenge 2007). Let a,b,c € R with abc = 1. 
Prove that 


2 1 1 1 1 1 1 a b ce b ea 
GTO gt gt Gt OO Pip Orel oe ede) 
b? a b ce b c aa bee 


Solution 36 (NguyenDungTN). Since abc = 1, we have 


1 1 1 
ert +a( 4542) =a? +b? +c? + 2(ab+ be+ ca) = (a+ b+)’. 
a Cc 
1 i 1 272 | 72,2, 2.2 2 
pip ta +2(a+b+c) =a°b +b’ 4+ ca’ + 2abc(a+ b+ c) = (ab+ be+ ca)’. 


2(Fe ere e race sys) = 2 (ab(a + b) + be(b + c) + ca(c + a) + 3abc) 


b abe 
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= 2(a+ b+ c)(ab + be+ ca). 
By AM-GM Inequality, 


(a+b+c)? +(ab+be+ ca)? > 2|\(a+b+c)(ab+be+ca)| > 2(at+b+c)(ab+ be+ ca). 


This ends the proof. The equality holds fora =b=c=1. 


V 


Problem 26 (31, Revised by NguyenDungTN). /f x, y, z are positive real numbers, prove 
that 


XR 
wo 
VY 
ae 
XR 
wo 
XR 
8 
8 
wo 
VY 
tay 
8 
nN 
8 
< 
K~ 
wo 
VY 


(2+ y +z)? (yz + zx + ry)? < 3(y? + yz 


Solution 37. Using the inequality 
A(a? + b? + ab) > 3(a + b)? Va, b(& (a — b)? > 0) 


We have 


43 
3(y? + yz + 2°)(2? + za + @*)(a* tay ty’) > sety)P yt ze +2)’. 
By AM-GM inequality, we get 
a+ yy + z)(z +2) = aya t+ y) + yey + 2) + za(z + @) + 2aryz) 
= 8(ay(x + y) + yely +2) + 20(z +2) + 3zyz) + ay(a +y) + yey +2) + 20(z +2) — Bayz 
> 8(a+yt z)\(cy + yz + 22). 


So we have the desired result. 


V 
Problem 27 (32, British National Mathematical Olympiad 2007). Show that for all 


positive reals a,b,c 
(a? + 67)? > (at+b+c)\(at+b—c)(b+c—a)(c+a—6). 
Solution 38 (NguyenDungTN). Using the familiar inequality 


+ 2 
ry < COW vy ER, 


we have 


Equality holds when (a + b)? — c? =e? —(a—b)? © ce? =a? +0’. 
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V 


Problem 28 (34, Mathlinks, Revised by VanDHKH). Let a, b, c,d be real numbers such 
that a? <1,a?+b? <5,a?+b?+c? < 14, a?+b?+c?+d? < 30 Prove thata+b+c+d < 10. 


Solution 39. By hypothesis, we have 
12a? + 6b? + 4c? + 3d? < 120. 


By Cauchy-Schwarz Inequality, we have 


(ma a 
100 = (12a? +00? 4c? + 3P) (SET +g) 2 lab b tera) 


Therefore a+b+c+d< |la+b+c+d|< 10. 


V 


